We study intertwining operators among the twisted modules for rational VOAs and show the modular invariance property of the space spanned by the trace functions concerning to some representations of rational orbifold VOAs. Our result generalizes the results obtained in [DLM2] and [M3].
Introduction
One of the main feature of rational vertex operator algebras (VOAs for short) is the modular invariance. For a rational VOA V , Zhu proved that the space spanned by the trace functions tr
of the zero-mode action o(a) of a ∈ V on irreducible V -modules W i is invariant under the usual action of the modular group SL 2 (Z) [Z] . After his work, some generalizations have been done. In [DLM2] , Dong, Li and Mason extended the above theory to the orbifold theory in which they considered the trace function tr Wg o(a)φ h q L(0)−c/24 of the stabilizing automorphism φ h together with zero-mode action on an irreducible g-twisted V -module W g , where V has commutative automorphisms g and h of finite order. On the other hand, Miyamoto also extended Zhu's theory to the trace functions in many variables [M1] , [M2] and the ones tr W o I (u)q L(0)−c/24 associated to intertwining operators I of type U ×W → W in [M3] . Looking over these generalizations, one can note that there exists a one more possibility of the further generalization of those mentioned above. That is, we can expect that if we consider the trace functions of intertwining operators among twisted modules together with automorphisms induced from those of rational VOAs, then we can show a new modular invariance. Our main purpose in this paper is to show that this is true and to prove that the space of trace functions S I (u, τ ) given by certain intertwining operators I of type U × W g to W g and induced automorphisms ψ h of W g for each U satisfies a modular invariance if U satisfies a finiteness condition C [2, 0] (Theorem 5.1).
In [Z] , Zhu introduced an associative algebra A(V ) (called Zhu algebra) associated to a VOA V . Zhu algebra inherits a part of the vertex operator algebra structure of V such that there exists a one-to-one correspondence between the irreducible A(V )-modules and the irreducible V -modules. This correspondence is an inseparable material in the proof of modular invariance in [Z] . In the theory of the orbifold models, Dong et. al. introduced a g-twisted Zhu algebra A g (V ) which is an associative algebra associated to a VOA V with an automorphism g of finite order and showed a similar correspondence between the set of inequivalent irreducible A g (V )-modules and the set of inequivalent irreducible g-twisted V -modules in [DLM1] . Using this correspondence, they proved modular invariance in orbifold theory in [DLM2] . Concerning with this correspondence, an important formula to determine the fusion rules of irreducible (non-twisted) modules of rational VOAs was obtained by Frenkel and Zhu [FZ] (see also [Li2] ). It can be thought as a generalization of one-to-one correspondence mentioned above and it also plays a crucial role in the proof of modular invariance associated to intertwining operators in [M3] . As one can see from the above, in order to prove modular invariance in our case, we need certain one-to-one correspondence, that is, we have to generalize Frenkel-Zhu's theorem on the fusion rules to one for twisted modules. To do it, we modify the definition of intertwining operators among twisted modules (Definition 2.2). To determine the space of intertwining operator of type U × W 1 g → W 2 g in the sense of Definition 2.2, it is natural to assume that U has a suitable grade decomposition as a V g -module. Providing a consistent assumption, we will show a generalization of Frenkel-Zhu's theorem on the fusion rules (Theorem 3.3). We organize this paper in the following way. In Sec. 2 we present a definition of intertwining operators among the twisted modules, which is a modified version of that in [DLM3] and [X] . Our definition depends on the stabilizing automorphism, which is an analogue of the definition of twisted vertex operators on the twisted modules. We define in Sec. 3 a bimodule A g (U) for an associative algebra A g (V ) associated to a VOA V with an automorphism g and its module U and then describe the fusion rules for twisted modules in terms of modules A g (U). Needless to say that, if we consider trivial automorphism, then our construction reduces to Frenkel-Zhu and Li's original one. In Sec. 4 we modify the definition of the space of one point functions which was originally introduced in [DLM2] and apply to our case. This section is a preparing of the notations and reviewing of the known results, so we will omit details. In Sec. 5 we prove our main theorem, the modular invariance of the space spanned by the trace functions associated to the representations of rational orbifold VOAs. In the proof of the theorem, the generalized Frenkel-Zhu's theorem presented in Sec. 3 plays a crucial role. Although our strategy is very similar to that in [Z] , [DLM2] and [M3] , it is worth to point out the following remarkable difference. In [Z] , [DLM2] and [M3] , each irreducible representation is considered individually, but in our case we have to consider their conjugate under the automorphism at the same time. This reflects a difference between module vertex operators and intertwining operators.
Basic definition
The most notations are adopted from [DLM2] and [M3] . Let V be a VOA and let g be an automorphism of V of finite order |g|. In this paper, we treat only g-rational VOAs.
Definition 2.1. V is called g-rational if all admissible g-twisted V -modules are completely reducible.
) be a g-twisted V -module. Take any h ∈ Aut(V ). Then one can find a natural g h = h −1 gh-twisted V -module structure on a vector space W g as follow. Define
h has a g h -twisted V -module structure (cf. [DLM2] ). We denote it by
In this paper we will treat the case that h and g are commutative and a g-twisted
Then we say that W g is h-stable and we call φ Wg (h) an (h-)stabilizing automorphism.
Note that the stabilizing automorphism φ Wg (h) is not uniquely determined since non-zero scalar multiplication is allowed.
In this paper, we will consider intertwining operators of type
g , where U is a g-stable V -module admitting a weight space decomposition U = ⊕ n∈N U n+h 0 and W i g are irreducible g-twisted V -modules admitting weight space decompositions
One can find the general definition of intertwining operators among twisted modules in [DLM3] or [X] , but we adopt a modified definition as shown below. Recall the definition of vertex operators on g-twisted V -modules. Under the action of g, V decomposes as follow.
where V r := {a ∈ V |ga = e 2πir/|g| a}. Let M g be an arbitrary irreducible g-twisted Vmodule. By Theorem 8.1 (c) in [DLM1] , one has a weight space decomposition
where k is a suitable rational number. Setting M j g := ⊕ n∈N (M g ) k+n−j/|g| , 0 ≤ j ≤ |g| − 1, we note that the module vertex operator on M g provides the following intertwining operators among the modules V i and M j g for the orbifold VOA V 0 = V g .
where by abuse of symbols we denote both an integer between 0 and |g| − 1 and its residue class mod |g| by the same letters. On defining intertwining operators among twisted modules, referring the above fusion rules we introduce the following assumption. As V 0 -module, U has a decomposition
and the following fusion rules are given by the module vertex operator Y U on U:
Based on the above decomposition, we define an intertwining operator I of type U ×W
g is a linear map
g {z}, where u ∈ U with the following properties;
• for a ∈ V r and u ∈ U, the following twisted Jacobi identity holds:
One note that the assumptions (2.2) and (2.3) are equivalent to the existence of a g-stabilizing automorphism φ U (g) of order |g| on U such that the decomposition (2.2) coincides with the eigenspace decomposition U r = {u ∈ U|φ U (g)u = e 2πir/|g| u}. Because our definition of intertwining operators is depend on the choice of the decomposition of U, which owe to the choice of φ U (g), we call intertwining operators of type
as above "φ U (g)-twisted" to emphasize the choice of the stabilizing automorphism φ U (g).
Following two properties are direct consequences of the twisted Jacobi identity;
(1) Commutativity. For sufficiently large N ∈ N, we have
(2) Twisted Associativity. For a ∈ V r , we let k be a positive integer such that
Conversely, we can prove the twisted Jacobi identity from these two conditions (see [Li1] ).
A generalization of Frenkel-Zhu-Li's theorem
In this section we will construct an A g (V )-bimodule A g (U) and show that there exists a certain one-to-one correspondence between the space of intertwining operators of type I 3.1 Associative algebra A g (V ) and its bimodule A g (U )
Let g be an automorphism of V of finite order |g| and U be a g-stable V -module with a decomposition (2.2) and (2.3) which are given by a stabilizing automorphism φ U (g).
Recall an associative algebra A g (V ) introduced in [DLM1] , which is a quotient space of
, we define the action a• g of a ∈ V r = {v ∈ V |gv = e 2πir/|g| v} on U as follow.
Using this product we define
where U r = {u ∈ U | φ U (g)u = e 2πir/|g| }. We define a left action and a right action of
is a quotient space of V 0 so we only need to consider the action of a ∈ V 0 on A g (U). For a ∈ V 0 we define a new product * g on U as follows.
When g is trivial the following theorem holds.
Theorem 3.1. [FZ] A 1 (U) is a A 1 (V )-bimodule with respect to the action * 1 .
As an extension of non-twisted case we will show
is an A g (V )-bimodule with respect to the action * g .
Proof:
We divide the proof into several lemmas. Following lemma will be used frequently.
Lemma 3.1. Let a ∈ V r be homogeneous and let m ≥ n ≥ 0. Then
Proof: Similar to Lemma 2.1.2. of [Z] .
∩ U 0 and the associativity for the action on A g (U) holds. By definition, we
Proof: Similar to Proposition 2.3 of [DLM1] . Next we will show that A g (V ) acts on A g (U). In other words, we will show that
Similarly we can show that u * g (a
Fusion rules
For rational V -modules, the following formula is shown in [FZ] , [Li2] :
In this subsection we extend this formula to the twisted modules. Let U be a g-stable Vmodule with a stabilizing automorphism φ U (g) of order |g| and let
g be irreducible g-twisted V -modules. Assume that these modules admit weight space decomposition U = ⊕ n∈N U n+h 0 and
for u ∈ U r and we see that
. We also set o I (u) = 0 for u ∈ U r , r = 0 and extend it linearly on U. Similar to the non-twisted case we have
.
. So we only need to show the followings: for a ∈ V 0 and u ∈ U 0 ,
(note that • is the non-twisted product) and we already know that o Also (3.5) and (3.6) are known for non-twisted intertwining operators and the proof is similar to the non-twisted case. For details, refer to [FZ] .
Certain relations between Hom
and the space of intertwining operators are known. 
is injective.
When V is rational and g = 1, π becomes an isomorphism (Theorem 2.11 of [Li2] ). The following theorem is an analogue of Frenkel-Zhu-Li's theorem. Theorem 3.3. Let V be a g-rational VOA and let U be a g-stable irreducible V -module satisfying (2.2), (2.3) and let
Proof:
The argument is similar to that in Theorem 2.11 of [Li2] .
4 The space of trace functions
The space of 1-point functions on the torus
In the following context, We will adopt the following notations which are similar to that in [DLM2] .
(a) g, h are automorphisms of a g-rational VOA V of finite order and satisfy gh = hg. We set G = g, h and denote the order of g, h by |g|, |h|, respectively.
(c) H = {z ∈ C|Im(z) > 0}; the upper half plane.
is the ring of holomorphic modular forms on Γ(g, h).
(e) U = ⊕ n∈N U n+h is an irreducible V -module whose weight spaces are all finite dimensional and
for every k ∈ G. Note that our assumption implies that U is G-stable.
and we also set Q 0 (µ, λ, τ ) = −1, where q x denotes e 2πix , µ = e 2πij/M , λ = e 2πil/N for integers j, l, M, N with M, N > 0, the sign ′ means omit the term n = 0 if (µ, λ) = (1, 1) and B k (x) are Bernoulli polynomials defined by the generating function
For more informations, please refer to [DLM2] .
We make it a rule to take
for any 0 = µ ∈ C and r ∈ Q.
For a VOA (V, Y (· , z), 1l, ω), one can define another VOA structure on it. 
gives a new VOA structure on V with the same vacuum vector and new Virasoro vector ω := ω − c 24 1l.
We denote the Virasoro operators of new Virasoro vectorω by
) generated by the following elements, where a ∈ V satisfies ga = µa, ha = λa and u ∈ U satisfies φ
We define the space of 1-point functions C 1 (g, h) to be the C-linear space spanned by functions S : U(g, h) × H → C such that (C1) S(u, τ ) is holomorphic in τ ∈ H and for every u ∈ U(g, h);
-linear in the sense that S is C-linear in u and satisfies
for f ∈ M(g, h) and u ∈ U;
where ∂S is the operator which is linear in u and satisfies
Let f (τ ) be a holomorphic function on H. We define an action of γ = a b c d ∈
The following theorem enables us to prove modular-invariance of trace functions.
for u ∈ U [k] and extend linearly to U. Then S|γ ∈ C 1 ((g, h)γ).
In the rest of this subsection we assume that U satisfies the following finiteness condition which is weaker than C 2 -condition.
Lemma 5.2 in [DLM2] with suitable modification leads the following.
i u|i ≥ 0} is also a finitely generated submodule in U(g, h)/O(g, h). So the lemma follows.
We fix an element S ∈ C 1 (g, h). 
Proof: Combine Lemma 4.2 together with (C2) and (C3).
Now S ∈ C 1 (g, h) has the same properties as that in [DLM2] . So we can apply exactly the same argument in [DLM2] (Lemma 6.3-Lemma 6.8 in [DLM2] ) and obtain the following facts: for some p ≥ 0,
where
(4.14)
are holomorphic on the upper half-plane, and
Hence we arrive at the following theorem which differs from Theorem 6.5 in [DLM2] only by changing of C 2 -condition to C [2,0] -condition. 
h-conjugate intertwining operators
Let G, U and φ U be as previous. As G-module, V decomposes as follow.
Similarly, under the action of φ U (G), U decomposes as follow.
Then all V α and U β are V 1 G = V G -modules, where 1 G is the principal character of G, and the module vertex operator Y U gives the following fusion rules for the orbifold VOA
Definition 4.3. We call a grade decomposition (4.16) and (4.17) of U a G-grading given by φ U .
Set V r := {a ∈ V | ga = e 2πir/|g| a}, U r = {u ∈ U | φ(g)u = e 2πir/|g| u} for 0 ≤ r ≤ |g| − 1. Then U = U 0 ⊕ U 1 ⊕ · · · ⊕ U |g|−1 and the following fusion rules for V 0 -modules hold;
Namely, the conditions (2.2) and (2.3) are satisfied. In the following context, we treat only φ U (g)-twisted intertwining operators. 
−1 (4.18) for i = 1, 2. Given an intertwining operator I(· , z) of type
, we can define its h-conjugate intertwining operator I h (· , z) of type
as follow.
Thus, we obtain a linear isomorphism I
given by an h-conjugating
Principal h-stable sector
} α∈A be the set of all inequivalent irreducible g-twisted V -modules.
Since we have assumed that V is g-rational, A is a finite set and every V -module which belongs to M has a weight space decomposition and each homogeneous space of it is of finite dimension. We consider a certain equivalent relation on M.
h is defined by (2.1) and hence there exists a unique β ∈ A such
. Therefore, by defining h(α) = β for each α ∈ A in this way, we have an action of h on A and a permutation on M induced by h. This means that there exists unique linear isomorphisms ψ α up to scalar multiplication which make the following diagram commute for every α ∈ A; 
. . , n − 1) of length n. For simplicity we denote
ThenW g is the minimal h-stable g-twisted V -module which contains W i g , i = 0, 1, . . . , n − 1 as submodules with multiplicity one. In this paper, h-stable gtwisted V -moduleW g defined in this way is an important object, so that we call such a one a principal h-stable g-twisted V -module.
Trace functions
Let M g be a principal h-stable g-twisted V -module with an h-stabilizing automorphism ψ(h). Because V is g-rational, there exists an irreducible g-twisted V -submodule
be an intertwining operator of type . Since we want a nice relation between φ(h) and ψ(h), we adopt the following definition.
Definition 4.4. An intertwining operator I(· , z) of type
The condition that I to be h-stable is equivalent to that I is stable under the action of h on I
Mg U Mg
. This is why we call "stable". Assume that I is h-stable. The main subject we study in the rest of this paper is the trace function defined as follow.
We insist that the trace function (4.21) associated to an h-stable intertwining operator belongs to C 1 (g, h). We may present rigorous proof here, but it will be a repetition of some complicated formal calculations which is the same as those in [Z] , [DLM2] and [M3] . Therefore we omit it here. For details, please refer to Section 8 of [DLM2] and Section 3 of [M3] . Here is the consequence. 
gives an element of C 1 (g, h).
Modular invariance
In the previous section, we showed that the trace function S I associated to an h-stable intertwining operator belongs to C 1 (g, h). We will prove here that we can choose a basis of the linear space C 1 (g, h) consisting of trace functions S I 's. Namely, we shall show that
, and at the same time we prove certain modular invariance of the linear space spanned by those trace functions because by Theorem 4.1, C 1 (g, h) is invariant under the action of the subgroup Γ(g, h) of the modular group SL 2 (Z) defined by (4.9). First, we need the following lemma.
Lemma 5.1. ( [DLM2] Lemma 9.2) Suppose a ∈ V satisfying ga = µa, ha = λa, µ, λ ∈ C. Then the followings hold:
(ii) The constant term of
in the case µ = 1 and λ = 1, we note that the constant term is equal to −a • g u. Thus, the above lemma insists that almost all generators of O g (U) appear in the constant terms of elements in O(g, h).
Let us study the relation between C 1 (g, h) and the trace functions. Take an arbitrary function S ∈ C 1 (g, h). By Theorem 4.2, we know that S is expressed as
for a fixed p and all u ∈ U with each S i satisfying (4.13)-(4.15). We define a new operationω * τ on U by
where u ∈ U and S ∈ C 1 (g, h). For convenience we set
by an abuse of symbol. We also denote e 2πix by q x .
Lemma 5.2. We have
3)
4)
and
(5.5)
|g| ]], (5.1) and (5.2) are trivial. Note 1 2πi
Therefore we get (5.3) and (5.4). In particular, we see that (ω * τ − 1 |g|
In the above equalities, each S i (u, τ ) is expressed as a linear combination of the power series of the form q λ ij ∞ n=0 α ijn (u)q n/|g| . The trace function S I we constructed in §4 also has the same form, and both S i and S I satisfy (5.1), (5.2) and (5.5). So we shall investigate the power series of such a type.
and (5.5). Then the coefficient of the leading term α 0 satisfies the following properties for
Proof: Let v ∈ U be an eigen-vector for both φ(g) and φ(h). If v ∈ U G , then
. By Lemma 5.1, all generators of O g (U)
but v described in the previous sentence appear in the constant terms of some elements in O(g, h). In the constant terms, the elements of the form a [0] u, a ∈ V G also appear, but they will vanish when we put them into α 0 because they belongs to O(g, h). Hence the assertion (ii) holds. Suppose ξ = ζ = 1. In this case one notes that
Therefore we obtain α 0 (a * g u) = α 0 (u * g a).
When ξ = 1, by Lemma 5.1 the constant term of
u and a ∈ V g in this case, we can use a relation (5.9) to have
Solving this equation yields (i).
The constant term ofω * τ v is equal toω
v by Lemma 5.1, and since
will not decrease the minimal degree of T (v, τ ), the condition
By the lemma above, the leading term α 0 of the function T with properties (5.1), (5.2) and (5.5) can be seen as a linear function on A g (U) with the following skewed symmetric property:
We shall give an explicit description for the linear function α 0 .
Proposition 5.1. Let A be a finite-dimensional semisimple associative algebra over C and B be an A-bimodule. Let h be an automorphism of an algebra A of finite order.
Assume that a representation φ : h → Aut(B) of a cyclic group h on B is given and
for a ∈ A and b ∈ B. Let ω ∈ Z(A) and assume hω = ω. Let F be a linear function on B such that for r ∈ C and N ≫ 0,
and for ha = αa, φ(h)b = βb, α, β ∈ C,
Then F can be expressed as 
for the representation π j of A on W j and I j is an element of
for a ∈ A, b ∈ B and w ∈ W j .
Proof: By the semisimplicity, A decomposes into a direct sum of simple two-sided ideals A = ⊕ n i=1 A i . As an A-bimodule, B is also completely reducible. Furthermore, the following lemma shows that B decomposes into a direct sum of φ(h)-invariant Asubbimodules. to this decomposition by σ. Clearly σ is an A-homomorphism. Using this projection we define a linear transformation ρ on B by
For the φ(h)-invariance, choose any ρ(b) ∈ B ′′′ . Then we have
and the right invariance ρ(b)·a = ρ(b·a) for all a ∈ A. Therefore B ′′′ is an A-subbimodule.
This lemma is equivalent to the completely reducibility, so we may assume that B doesn't have a proper φ(h)-invariant A-subbimodule. Since B is complete reducible as an Abimodule, we can take an irreducible A-subbimodule B 1 of B. Clearly
Take a non-negative integer t which is a maximal subject to the condition that Moreover, one can equivalently replace the above condition by
Let 1 A 1 be the unit element of the simple ring A 1 . For every b 1 ∈ B 1 , the condition (5.14) implies that 
Under the above action, B (0) becomes an A 1 -bimodule and
Then for a 1 , a 2 ∈ A 1 , we have
Therefore the linear functions G j are trace functions. Let W be an irreducible left A 1 -module. Then G j can be written as G j (a) = C j tr W (a) for some C j ∈ C and the linear function F restricted on B 0j can be described as
. To get a desired description of F , not only do we need the A 1 -module structure but also the A-module structure on W . For this, we construct left 
given by an inner automorphism given by h k γ ∈ h k A 1 . γ induces a linear automorphism ψ ofW as given follow. For 0 ≤ k ≤ s − 2, we set ψ(h k w) = h k+1 w and for k = s − 1 we define ψ(h s−1 w) = h 0 γw. It is easy to check that ψ is a linear automorphism onW . This automorphism is characterized by the following property:
This means that W , ψ is an h-stable A-module.
Next we shall define a linear map I 0 : B (0) ×W →W . For b j ∈ B 0j and w ∈W , we
and extend linearly on B Moreover, by (5.17), ψ ·Ī(b)w =Ī (φ(h)b) · ψ(w) for every b ∈ B and w ∈W . Thereforē I and ψ satisfy all conditions we required. Finally, since ω ∈ Z(A), it is clear from the assumption that ω acts onW as a scalar r. Now we are ready to apply the above proposition to α 0 by setting A = A g (V ), B = A g (U) and F = α 0 . By the above proposition and Theorem 3.3, we can construct certain intertwining operators I(· , z) among h-stable g-twisted V -modules whose trace functions obtained from the zero mode actions on the top modules are given by α 0 . Furthermore, the action of h-stabilizing automorphism on the top level of h-stable V -module and the h-stabilizing automorphism ψ in the above proof differ only by the scalar multiple on each simple A g (V )-module component of the top level of the V -module. So an h-stabilizing automorphism ψ on the top module gives rise to an h-stabilizing automorphism on Vmodule by a multiplying scalar multiple. Thus we can also make intertwining operators I(· , z) h-stable by the same arguments in the proof of the previous proposition and by Theorem 3.3. Therefore, we have the following statement. 
